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ANTI-HOLOMORPHIC MULTIPLICATION AND A
REAL ALGEBRAIC MODULAR VARIETY

MARK GORESKY & YUNG SHENG TAI

Abstract

An anti-holomorphic multiplication by the integers Q4 of a quadratic imag-
inary number field, on a principally polarized complex abelian variety Ac
is an action of O4 on Ac such that the purely imaginary elements act in
an anti-holomorphic manner. The coarse moduli space Xg of such A (with
appropriate level structure) is shown to consist of finitely many isomor-
phic connected components, each of which is an arithmetic quotient of the
quaternionic Siegel space, that is, the symmetric space for the complex sym-
plectic group. The moduli space X is also identified as the fixed point set
of a certain anti-holomorphic involution 7 on the complex points X¢ of the
Siegel moduli space of all principally polarized abelian varieties (with ap-
propriate level structure). The Siegel moduli space X¢ admits a certain
rational structure for which the involution 7 is rationally defined. So the
space X admits the structure of a rationally defined, real algebraic variety.

1. Introduction

1.1

Let b, = Sp(2n,R)/U(n) be the Siegel upper half space of rank n and
let I' = Sp(2n,Z). The quotient I'\h,, has three remarkable properties:

(a) It has the structure of a quasi-projective complex algebraic variety.

(b) It is a coarse moduli space for principally polarized abelian vari-
eties.

(c) It has a natural compactification (the Baily-Borel Satake compact-
ification) which admits a model defined over the rational numbers.
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Among the many missing ingredients in the theory of automorphic
forms for groups of non-Hermitian type are analogues of these three
facts. The associated locally symmetric spaces do not appear to have an
algebraic structure; they do not appear to be associated with a natural
class of elliptic curves or abelian varieties, and although they have many
compactifications, there does not appear to be a canonical or “best”
one. In the early 1970’s G. Shimura, J. Millson and M. Kuga [10] asked
whether it might be possible to address these shortcomings by realizing
a locally symmetric space W for a group of non-Hermitian type as a
subspace of a locally symmetric space X for a group of Hermitian type;
perhaps interpreting W as a moduli space of a class of real abelian
varieties. These ideas were partially investigated by A. Adler [1], H.
Jaffee [10], S. Kudla [12], K.-Y. Shih [22], and G. Shimura [24, 26, 27].
In [24], Shimura showed that results of this type cannot be expected
in general. He found a moduli space X¢ (for a certain class of abelian
varieties) which had a model defined over R, such that the locus Xg of
real points did not represent a moduli space for the corresponding real
abelian varieties.

1.2

We wish to revisit this question for quotients
(1.2.1) W =T\Y,

of the symmetric space Y,, = Sp(2n,C)/U(n,H) (the “quaternionic
Siegel space”, cf. §10) by the principal congruence subgroup

' = Sp(2n, Og)[M]

of Sp(2n,0,) of level M. Here, d < 0 is a square-free integer and Oy
is the ring of integers in the quadratic imaginary number field Q(v/d).
If M > 3 then the space W is a smooth manifold of (real) dimension
2n2 + n. It does not have an (obvious) algebraic structure. In the case
n =1, W is an arithmetic quotient of the real hyperbolic 3-space, Y7.

In this paper we show, for appropriate level M, that a certain disjoint
union Xg of finitely many copies of W admits analogs to all three of
the above statements. That is:

(a) The smooth manifold Xp is the set of fixed points of an anti-
holomorphic involution 7 of a quasi-projective complex algebraic
variety Xc.
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(b) The space Xg may be naturally identified with the (coarse) moduli
space of n-dimensional abelian varieties with level M structure and
with anti-holomorphic multiplication (see below) by Og.

(¢) The complex variety X¢ and the involution 7 admit a model that
is defined over the rationals Q.

1.3

The algebraic variety X¢ is just the Siegel moduli space T'(M)\bhay, of
principally polarized abelian varieties with level M structure. The in-
volution 7 extends to an anti-holomorphic involution of the Baily-Borel
Satake compactification X of X¢ and hence defines a real structure on
X. In §9 we make use of a result of Shimura [25] to prove an analogue
of statement (c) above by showing that X admits a rational structure
that is compatible with this real structure.

1.4

In this paper we introduce the concept of anti-holomorphic multiplica-
tion of the ring of integers O4 on a principally polarized abelian variety
A: it is an action of Oz on A by real endomorphisms which are com-
patible with the polarization, such that the purely imaginary elements
of Q4 act in an anti-holomorphic manner; see §7.3 for the precise def-
inition. If such an action exists then the (complex) dimension of A is
even (so elliptic curves do not admit anti-holomorphic multiplication).
The definition of anti-holomorphic multiplication extends in an obvious
manner to more general CM fields, cf. §11.1. This appears to be a very
interesting structure which merits further study.

1.5

The key technical tool in this paper, which appears to be a missing ingre-
dient in the earlier work on this question, is Proposition 7.7, an analog of
the lemma of Comessatti and Silhol ([29]). It describes “normal forms”
for the period matrix of an abelian variety with anti-holomorphic mul-
tiplication. This in turn relies on a structure theorem (Proposition 6.4)
for symplectic modules over a Dedekind ring.
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1.6

The results in this paper, the parallel results for GL(n,R) in [8], the
paper [14], and recent results of [2] and [31] suggest that there are
rich, largely unexplored phenomena involving real structures and moduli
space interpretations of arithmetic quotients of non-Hermitian symmet-
ric spaces. In this paper we have chosen particular arithmetic groups
for which the results are (relatively) easy to state and prove, and for
which the associated Shimura variety is defined over the rational num-
bers. Although it is possible to establish similar results for many other
arithmetic groups, we do not know to what extent these results may be
generalized to arbitrary arithmetic groups. (See also §11.)

1.7

We would like to thank J. van Hamel for useful conversations, and an
anonymous referee for carefully reading the manuscript and making a
number of useful suggestions. The first author is grateful to the Institute
for Advanced Study for its hospitality and support during the period in
which this research was carried out.

2. Statement of results

2.1

Throughout this paper we fix a square-free integer d < 0 and denote
by O4 the ring of integers in the quadratic imaginary number field
Q(v/d). Let Qo be the “standard” symplectic form, whose matrix is
J = (_01 é) For any ring R we use any of the standard notations
Sp(2n, R), Sp(R?",Qo), or Sp(R?*",.J) to denote the symplectic group
consisting of all g € GL(2n, R) such that ‘gJg = J, or equivalently,
Qo(gz, gy) = Qo(z,y) for all 2,y € R?". It consists of matrices

(A B
9=\c b
such that

-1 ‘D -fC
g = _tg tq )
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Let Ky C Sp(2n,C) be the maximal compact subgroup that is fixed
under the Cartan involution 6,(¢g) = %g)~'. It is isomorphic to the
unitary group U(n,H) over the quaternions. Let Y, = Sp(2n,C)/K,
be the associated symmetric space. It is not compact and not Hermi-
tian; for n = 1 it is the real hyperbolic 3-space. In §10 (which is not
needed for the main results in this paper) we describe Y;, as a certain
quaternionic Siegel space, on which Sp(2n,C) acts by fractional linear
transformations.

Let G = Sp(4n,R) and let 7 : G — G be the involution 7(g) =
NgN~1 of (5.8.2). Then 7 commutes with the Cartan involution @ :
G — G of (5.8.2) so it passes to an (anti-holomorphic) involution (also
denoted 7) on the (usual) Siegel space ha, = G/GY, which is given by
(5.13.1), 7(Z) = bZ "' In §5.8 we describe an injective homomorphism

¢ = Vo1 :Sp(2n,C) — Sp(4n,R)

such that ¢8; = 8¢ and whose image is exactly the set of fixed points
G™ of 7. It has the property that

¢~ (Sp(4n,Z)) = Sp(2n, Oy),

an arithmetic group that we will denote by Ag.

Lemma 2.2. The mapping ¢ passes to a closed embedding ¢ :
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Y, — ban whose image is the set b3, of points fized by the anti-holomorphic

involution T.

The proof appears in §5.15. Let I' C Sp(4n,Z) be a torsion-free
arithmetic subgroup which is preserved by the involution 7. If d =
1 (mod4) then assume also that I' is contained in the principal con-
gruence subgroup I'(2) of level 2. Set X = I'\hy, and let 7 : b, — X
be the projection. Let A = ¢~ (') C Sp(2n,C) so that ¢(A) = '™ is
the 7-invariants in I". Set W = A\Y,. Then ¢ also passes to a closed
embedding ¢ : W — X whose image is 7(¢(Y,)). If h € G we denote by
"o(W) = m(he(Yn)). Set

I = {r € Sp(4n,Z) | r(y)y e r}.

Let (r) = {1,7} be the group generated by 7 and let H'({7),T') be the
(nonabelian) cohomology of T

Theorem 2.3. There is a canonical isomorphism

(2.3.1) H'((r),T) 2 T\I'/é(Ao).
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The involution T passes to an anti-holomorphic involution 7 : X — X
and hence defines a real structure on X. The set of real points Xg = X7
1s the disjoint union

(2.3.2) Xg =[] e(")
h

of finitely many disjoint translations of ¢(W), indexed by
h € T\T/¢(Ag) = H'((r),T).

The proof is in §3.10. For the next two results we fix an integer
M > 3.1fd =1 (mod4) then we assume also that M is even. Denote by
['(M) the principal congruence subgroup of level M in Sp(4n,Z). In the
preceding theorem, take I' = I'yy = I'(M) N 7(I'(M)). Then Equation
(5.10.1) says that the arithmetic group A = ¢~!(T) is the principal
congruence subgroup Sp(2n, Og)(M) of level M in the symplectic group
over Oy.

Let X denote the Baily-Borel compactification of X = T'j/\bay,. It
carries the structure of a complex projective algebraic variety. In §9.9
we prove the following.

Theorem 2.4. The locus Xg is the set of real points of a quasi-
projective algebraic variety which has a model defined over the rational
numbers. That is, there exists a holomorphic embedding in projective
space X — P™ such that the image of X is defined over the rational
numbers Q, and such that the involution 7 : X — X is the restriction
of an anti-holomorphic involution T : P — P™, also defined over Q,
which preserves X.

If A is an abelian variety with a principal polarization and a level
M structure, an anti-holomorphic multiplication by Oy on A is a ho-
momorphism Oy — Endg(A4) which is compatible with the polarization
and level structures, such that v/d acts as an anti-holomorphic mapping,
cf. §7.3. In §8.6 we prove the following:

Theorem 2.5. The real algebraic variety Xg may be canonically
identified with the coarse moduli space of abelian varieties with principal
polarization, level M structure, and anti-holomorphic multiplication by
the ring Og.

In summary, this coarse moduli space Xy (of abelian varieties with
anti-holomorphic multiplication) may be realized as the locus of real
points of an algebraic variety defined over Q. It consists of finitely many
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isomorphic connected components, each of which is diffeomorphic to the
arithmetic quotient (or locally symmetric space)

W = Sp(2n,O4)(M)\Sp(2n,C)/U(n, H).

3. Nonabelian cohomology

3.1

Let H be a group and let 7 : H — H be an involution. Let () be the
group {1,7} and let H'((7), H) be the first nonabelian cohomology set.
For any v € H let f, : (1) — H be the mapping f,(1) =1 and f,(7) =
7. Then f, is a 1-cocycle iff y7(y) = 1, in which case its cohomology
class is denoted [f,]. Two cocycles f, and f,, are cohomologous iff there
exists h € H so that v/ = 7(h)yh L.

Let G be a reductive algebraic group defined over R, let § be a Car-
tan involution with K = G? the maximal compact subgroup of #-fixed
points, and let £ = G/K be the resulting symmetric space. Suppose
7 : G — @ is an involution which commutes with 8. Denote by G™, K7,
and E7 the corresponding fixed point sets in GG, K, and E respectively.
For notational simplicity we will often write ¢ for 7(g). The cobound-
ary § : ET — H((r), K) may be defined as follows. If ¢ € G and if
gK € E7 then 7(gK) = 7(9) K = gK so there exists k € K so that

(3.1.1) g =gk

Applying 7 to this equation gives g = gkl;:, hence k defines a 1-cocycle
Jr =0(gK).

Proposition 3.2. The cohomology sequence

1 — K™ — G" — E™ - H'((r), K) == H'((7),G)

is exact. Moreover:

1. The mapping § is trivial.

2. The mapping © is a bijection.

3. The inclusion GT C G induces a diffeomorphism

GT/KT > E.
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3.3 Proof

Exactness of the cohomology sequence is standard ([21] §5.4). In the
paragraph below we will show that J is a locally constant mapping. Since
T acts by isometries, E7 is connected and in fact the unique geodesic
between any two points x, 2’ € E7 is fixed under 7. It follows that ¢ takes
E7 to a single cohomology class which, taking g = 1 in Equation (3.1.1),
is necessarily trivial. Hence ker(7) is trivial. It follows by “twisting”
([21] §5.3) that the mapping 7 is injective. Part (3) also follows: clearly
the mapping G /K™ — E7 is well-defined and injective; and part (1)
guarantees that it is also surjective.

Now we will show that § is locally constant. First observe that if
k € K is sufficiently close to the identity and if fi is a 1-cocycle, then
it is also a coboundary. For in this case we may write k = exp(k)
where k € ¢ = Lie(K). Let 7/ : ¢ — & be the differential of 7. From
kT(k) = 1 we obtain 7/(k) = —k. Then the element a = exp(—%f{)
satisfies 7(a)a™! = a=2 = k which shows that the cohomology class
defined by k is trivial.

Now suppose that gK, goK € E™. Set 7(g) = gk and 7(g0) = goko
and let u = ko_lk. Since k = k=1 and 150 = ko_l we find that u/-co_lﬁk‘o =1.
This means that u € K defines a 1-cocycle in H*((u), K) where p : K —
K is the involution u(v) = kg *oko. By the preceding paragraph, if g, go
are sufficiently close then this cocycle gives the trivial cohomology class
so there exists a € K such that

u = p(a)at = kytakoa

or k = akopa~'. This says that the cocycles defined by k and by kg are
cohomologous, which completes the proof that § is locally constant.

Finally it remains to be shown that ¢ is surjective. In fact there is
a splitting j : H'((1),G) — H'({r),K). Let G = KP be the Cartan
decomposition of G that is determined by 6. Then P = exp(p) where
p is the —1-eigenspace of § on g = Lie(G), so that §(p) = p~! € P for
all p € P. Let ¢ = kp € G and suppose that f; is a 1-cocycle. Then
l;:ﬁk‘p =1or

(kk)(k~pk) =p~t e P.
It follows from the Cartan decomposition that

(3.3.1) kk=1 and k™ 'pkp=1
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so we may define j(fy) = fr. We claim that fj represents the same
cohomology class as f, in H'((),G), from which it will follow that j
is well-defined and that 7 is surjective. Equation (3.3.1) says that f,
is a 1-cocycle for the involution p of G defined by u(x) = k~'2k. If
p = expp, set a = exp(—p/2). If i/ : p — p denotes the differential of
p then 1/ (p) = —p so p(a) = a~! and p = p(a)a=". It follows that g =
kp = kk~'aka™! = aka~! which says that f, and f; are cohomologous.

q.e.d.

3.4

For the remainder of this section we assume G is a reductive algebraic
group defined over QQ, that 6 is a Cartan involution of G, and that 7 is
an involution of G that commutes with §. We often write g for 7(g). Let
G = G(R) denote the group of real points, K = GY the corresponding
maximal compact subgroup, and F = G/K the associated symmetric
space. Fix an arithmetic subgroupI' C G(Q) and let 7 : E — X =T\ E
be the projection.

To every 1l-cocycle f, in H'((r),I') we associate the “y-twisted”
involutions 7y : E — E by z +— 7(yz) and 7y : I' — T’ by o —
T(yy'y 7). Let

(3.4.1) E"={zecFE|r(z)=yz}

be the fixed point set in F of the involution 7 and let I'"7 be the
fixed group in I" of the involution 7. Set X (7y) = w(E™7). Recall the
following theorem of Rohlfs ([17], [18], [19], [8]):

Theorem 3.5. Suppose I' is torsion-free. Then the association
fy = X7V determines a one to one correspondence between the coho-
mology set H*((1),T) and the connected components of the fived point
set X7.

3.6 Proof

The twisted involution 7y : E — E acts by isometries so ([11] I §13.5)
the fixed point set E™ is nonempty. If x,2’ € E™ then the unique
geodesic joining them is also fixed by 7v, so E77 is connected. Its
image in X is a connected subset X (77) of X7 which depends only
on the cohomology class of f,. It is easy to check that f, and f, are
cohomologous iff X (7v) N X (77') # ¢. q.e.d.
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3.7

In general the cohomology set H!({r),T') may be difficult to compute,
the connected component X (77y) may be difficult to describe, and dis-
tinct connected components may fail to be isomorphic. We will intro-
duce additional hypotheses which will allow us to address these three
issues. Let I' C G(Q) be a 7 stable arithmetic group that contains T.
Let 8 : G — G be the Cartan involution corresponding to K. Consider
the following hypotheses:

(1) G is Zariski connected and the fixed subgroup G = G7(R) is
Zariski connected.

2) H({r), K) is trivial.

) H

3) T acts trivially on I'\T.

4) H'((r),T) — H'((r),T) is trivial.
)

5) T is torsion-free.

(
(
(
(

Lemma 3.8. Suppose I' C I C G(Q) are T-stable arithmetic sub-
groups. Suppose the Cartan involution 6 commutes with 7. Then the
following statements hold:

(a) Under hypothesis (1) above, G7 is reductive, 6 restricts to a Cartan
involution of G™, and K7 is a maximal compact subgroup of GT.

(b) Under hypothesis (2) above, the mapping GT /K™ — E™ is an iso-
morphism. If v € G and if f is a 1-cocycle, then under hypothesis
(2), its class in H ({7}, G) is trivial if and only if E™ is nonempty.

(c) Under hypothesis (3) above, the association vy Ay~ defines a
mapping I' — I' which passes to an injection

(3.8.1) \[/T7 — H'((),T).
Under hypotheses (3) and (4) this injection is a bijection.
(d) Under hypothesis (4), for each cohomology class
1] € H((r),T)
there exists h € I such that v = 7(h)h™Y, in which case,
E™ =hE™ and I™ ="T7 =hI"n" L.
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(e) Under hypotheses (4), (3), and (5) the fized point set X7 is the
disjoint union of isomorphic copies

XT — H hFT\hE’T
hel\I'/T'7
of the quotient TT\ET.

In summary, if hypotheses (1) through (5) are satisfied, then the
fixed point set X7 consists of finitely many isomorphic copies of the
arithmetic quotient T"\G7 /K7 indexed by H!((r),T') 2 T'\I'/T".

3.9 Proof

Part (a) is proven in [20] Chapt. 1 Thm. 4.2 and Cor. 4.5 (pages 15 and
17). Now consider part (b). Clearly G7/K™ C E™ so it suffices to show
that G7 acts transitively on E7. Let z = gK € E7. Then 7(9)K = gK
so the element k = g~!7(g) lies in K. Moreover, f. is a cocycle, so by
hypothesis (2) there exists u € K with k = ur(u)™! = g7'7(g). Then
gu € G" and x = gK = guK. To prove the second statement in part
(b), let f, be a l-cocycle and suppose there exists a point gK € E77.
Then ygK = gK so there exists (a unique) k € K with vg = gk,
or v = gkg~!. Hence f, is cohomologous to fi, which is trivial by (2).
Part (c) follows from the long exact cohomology sequence for the groups
I' ¢ T and “twisting”, however it is also easy to verify directly. Let
v € I. By (3) there exists a unique a € I" such that 7y = ay. Moreover,
fa is a 1-cocycle, so we have defined a mapping ¢ : I' — H((7),T).
Suppose 7' € ' determines the same cohomology class ¢(7), that is,
suppose a’ =7'(7/)7! = BaAlfl for some b € T'. Let 2 = 471071/ Then
x € T'7 because T = 3‘1}2_17 = 7 thab 1y = 471
x. Consequently 7/ € I'yI'", which verifies the injectivity statement.
Hypothesis (4) immediately implies that ¢ is surjective, which proves
(c). Part (d) is straightforward. Part (e) follows from Rohlfs’ theorem
and parts (a)-(d). q.e.d.

a tab=ly =

3.10 Proof of Theorem 2.3

This follows from Lemma 3.8 provided we can verify hypotheses (1)
through (5) of §3.7. Of these, (1), (3) and (5) are obvious. Hypothesis
(2) will be proven in Proposition 5.11 and hypothesis (4) will be proven
in Proposition 6.10. q.e.d.

523
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4. Remarks on involutions

4.1

Let V be a real vector space with a symplectic form S and a nonde-
generate symmetric bilinear form R and let Sp(V,.S) be the group of
linear automorphisms of V' that preserve S. Let V* be the dual vector
space. If g € GL(V) define g* € GL(V*) by g*(\)(v) = A(g~1v) for
any A € V*. Let N € GL(V) and suppose that N? = dI for some real
number d. Define automorphisms 7 and 6 of GL(V') by

7(9) = NgN~! and R(gu,v) = R(u,0(g) ')

(for all u,v € V). Then 7 and 6 are involutions, and in fact 6 is a Cartan
involution: its fixed point set is the orthogonal group O(V, R). Define
StV — V* by St(u)(v) = S(u,v). Let S° : V* — V be the mapping
that is uniquely determined by the relation S(S”()\),z) = A(z) for any
AeV*and x € V. Then S° = (Sﬁ)_1 . Define R?, R® similarly.

Lemma 4.2. The following statements hold:
1. If S(Nu,v) = S(u, Nv) (all u,v € V') then T preserves Sp(V, S).
2. If R(Nu,v) = —R(u, Nv) (all u,v € V) then 70 = 0.

3. If R°S*R’S* = cI is a multiple of the identity, then the involution
0 preserves the symplectic group Sp(V,S) and its restriction to
Sp(V, S) is a Cartan involution.

4.3 Proof

Part (1) is straightforward. For part (2), compute
R(NO(g)N~'u,v) = R(u, Ng ' N~') = R(O(NgN 1)u,v),

so 70(g) = 07(g). For part (3) consider the following diagram:

St R’ St R’

v v v v By
| v | o |o@r o
v v v VeV

St R’ st R
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The second and fourth square commute for every g € GL(V'). The first
square commutes iff g € Sp(V, S) (which we assume). The outside rect-
angle commutes by hypothesis. It follows that the third square also com-
mutes, but this is equivalent to the statement that 6(g) € Sp(V,.S). Fi-
nally, it follows from [20] I Thm. 4.2 that the restriction of § to Sp(V, S)
is also a Cartan involution. q.e.d.

5. An involution on the symplectic group

5.1

In this section we construct an involution 7 on Sp(4n,R) which pre-
serves a certain maximal compact subgroup K and which passes to an
involution 7 on the Siegel space. This involution is first constructed in a
coordinate-free manner, but with respect to a non-standard symplectic
form (S2), and is denoted 7, see Lemma 5.6. Then we change coordi-
nates so as to convert Sy to the usual symplectic form, and obtain the
involution 7. The impatient reader may skip directly to the matrix de-
scriptions (5.8.2) and (5.13.1), which could be used as an (unmotivated)
definition of 7.

5.2 The number field

Throughout this paper we fix a square-free integer d < 0 and choose a
square root, V/d. Let Oy be the ring of integers in the quadratic imag-
inary number field Q(v/d), that is, Oy = Z + Zw where w = V/d if
d#1 (mod4) and w = (1 4+ vd)/2 if d =1 (mod4). Let h : C" — R*"
be the vector space isomorphism

h(z1 +wyr, x2 + Wy, ..., Tr + WYr) = (T1, Y1, T2, Y2y« -+, T, Yr)-
Then there is a unique homomorphism
(5.2.1) Gt Myscr(€) = Marcan (R),
such that h(gz) = ¢¥r(g)h(z) for all z € C". It takes the matrix

(aij + wbij)
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(1 <i,j <r; ay,b;j € C) to the matrix that consists of 2x2 blocks
z;; = Y1 (ai; + wbi;) where

o sween=(i2) « G 23)

when d # 1 (mod4) or d = 4m + 1 respectively.

The complex linear mapping C" — C” given by multiplication by v/d
therefore corresponds to a real linear mapping Ny = 9,.(vVdI) : R —
R?". As in §4 define the involution 73, : GL(2r,R) — GL(2r,R) by

(5.2.3) h(g) = NagN; *.

5.3

Take r = 2n. Fix a complex symplectic form s : C*" x C?" — C. Using
the isomorphism h we obtain a bilinear mapping S : R x R — R?
whose components we denote by S; and S, that is, s(h~lu,h=1v) =
Sy (u,v) + wSs(u,v) for all u,v € R?™. Then S; and Sy are (real) sym-
plectic forms on R*" and we denote by Sp(R*", S;) the corresponding
symplectic groups. Since s(vdz,y) = s(z,Vdy) = Vds(z,y) we have

sa0 (i) = (i) =2 (56)

for all 2,y € R*", where /3 is the matrix for N}, for 7 = 1; see §5.7. Using
(5.3.1) it is easy to see that:

Lemma 5.4. The mapping o, restricts to an isomorphism
(5.4.1) Sp(C*",5) — Sp(R*", S1) N Sp(R*™, S).

For i = 1,2 the involution T}, preserves the group Sp(R*",S;). The
subgroup of Sp(R*™,S;) that is fived by this involution is evactly the
intersection (5.4.1).

5.5 Choice of s and 6

Let us take s to be the standard symplectic form Qo on C?" whose
matrix is J = (f}n ]O") : we write Sp(2n, C) = Sp(C?", Qp). We obtain
symplectic forms S; and Sy on R*" by §5.3. Take G = Sp(R*", S5).
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Let H be the positive definite Hermitian form on C?"* given by
H(z,w) =z w.

Use the isomorphism h to convert H into a mapping R** x R** — C and
let Ry, and S}, be the real and imaginary parts of this bilinear mapping,
that is, H(h~ 'z, h~ly) = Ry, (z,y)+iS(z,y). By §4 the positive definite
form R, determines a Cartan involution 6, on GL(4n,R).

Lemma 5.6. The involutions 0, and 15, commute. Both 5, and 0,
preserve the symplectic group Sp(R*™,S;) (fori = 1,2).

Consequently 6, restricts to a Cartan involution 65, on
G, = Sp(R"", Sy)

(resp. 05 on G5 = Sp(2n,C)) ([20] I, Thm. 4.2). The fixed point set
K, = Gzh (resp. Ks = G%) is a maximal compact subgroup of G}, (resp.
of G5). The involution 7 passes to an involution 7, of the symmetric
space Dy = G/ Kp,.

The proof of Lemma 5.6 consists of verifying the conditions (1), (2),
and (3) of Lemma 4.2 (for S = S;), which amount to several calculations
with matrices (cf. §5.7). q.e.d.

5.7 Matrix descriptions
If e is a k X k matrix let
Diag"(e) = Diag(e,e,...,e€)

be the nk x nk matrix with n identical diagonal blocks, each consisting
of e. Let Sp(e) be the 2k x 2k matrix ( % §) . We shall use the following
2 x 2 matrices.

symbol | d # 1 (mod4) | d=4m +1
g (96) (5 )
& (0a) (6m)
v (20) (91)
" (6 2) (JQYTE)
v ) ()
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Set b = Diag"(8), u = Diag"(p), v = Diag"(v), v = Diag"(r), and
t/ = Diag™(r’). The bilinear forms Rp, S1, and Se have matrices Ry, =
Diag(t,t), S1 = Sp(u), and Sz = Sp(v). The matrix for N, is Nj, =
Diag(b, b). The Cartan involution on GL(4n,R) is ,(g) = R; " ‘g ' Ry..
To prove Lemma 5.6 it is necessary to verify condition (3) of Lemma 4.2,
which amounts to checking that R,;lSiRngi = const - Iy, for 1 = 1,2,
a task which may be safely assigned to the undergraduate assistant.

5.8

The symplectic form So is integrally equivalent to the standard sym-
plectic form )y whose matrix is

0 I2n
J=Joy = .
-l 0

which is easier to compute with. An isomorphism
W : Sp(R™, 52) — Sp(4n,R) = Sp(R"", Qo)

is given by W(g) = TgT ! where
T Iy, 0
0 Diag"(v)

(5.8.1) Qo(Tz,Ty) = So(x,y) for all z,y € RI™.

so that

Using the isomorphism W the involutions 73,0, become the following
involutions 7,0 on Sp(4n,R) = Sp(R*", Qo):

(5.8.2) 7(9) = NgN~! and 6(g9) = R 'y 'R

where

/

b 0 0
(5.83) N=T7'N,T = and R=T'R,T= (" .
t)
0 0 v

In particular, it follows from (5.3.1) that

(5.8.4) Qo(Nz,y) = Qo(x, Ny) for all z,y € R*™.
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The involution 7 preserves the maximal compact subgroup K that
is fixed by the Cartan involution # on Sp(4n,R). The induced mappings
on the symmetric space can also be explicitly described. The symmetric
space for Sp(4n,R) may be identified with the Siegel space

(5.8.5) bon = {Z € Manx2n(C) | 'Z = Z,1Im(Z) > 0}

on which g = (é g) € Sp(4n,R) acts by fractional linear transforma-

tions, g Z = (AZ + B)(CZ + D)~!. The maximal compact subgroup
K is the stabilizer of the following basepoint

i oo —d 0 i (~2m -1
r1 = ——D1a, or r; = —D1a,
Sy i W EVay i R R

if d %21 (mod4) or if d = 4m + 1 respectively. The symmetric space for
Sp(R*", S5) may be identified with

(5.8.6) h2no = {Z0 € Manx2,(C)| Z € B2}

on which g = (é g) € Sp(R*", Sy) acts by fractional linear transfor-

mations, g - Zv = (AZv + B)(CZv + D)~!. The mapping ¥ passes to
a mapping which we also denote by W : ha,0 — b2, and which is given
by U(W) = Wo~t. Then ¥(gW) = ¥(g)¥(W) for all g € Sp(R*", S5)
and all W € ho,b. The mapping ¢ : Y,, — ho,0 will be described in §10.
In summary we have a commutative diagram, the last line of which
provides the names of the involutions associated with a given column:

K S K, S K
! l l
Sp(2n,C) —"— Sp(R™, 55) —Y— Sp(R*, Q)
! ] i
P U
Y, — hQnU — an-
0, 0, 0,1

Definition 5.9. Define ¢ : Sp(2n,C) — Sp(4n,R) and ¢ : Y, —
hon to be ¢ = U o9 in the above diagram.

5.10 Remark
Let M be a nonzero integer and let GL(4n,Z)[M] be the principal



530 M. GORESKY & Y.S. TAI

congruence subgroup of level M. It follows from (5.2.2) that
4~ (GL(4n, Z)[M]) = Sp(2n, Og) [M]

is the principal congruence subgroup of level M. Since ¥ € GL(4n,7Z)
it also follows that

(5.10.1) ¢~ (Sp(4n, Z)[M]) = Sp(2n, O4)[M].

Proposition 5.11.  The nonabelian cohomology sets H'({7), K)
and H*((1),Sp(4n,R)) are both trivial.

5.12 Proof
By Proposition 3.2 it suffices to show that H'((r), K) is trivial. Let
bp = Diag" ((1] _01). Then bal = 'y = —by. We claim there exists is

an isomorphism ® : (K,7) = (U(2n),7') where 7/(u) = bouby* for
all u € U(2n). Assuming the claim for the moment, let us prove that
H((7"),U(2n)) is trivial. Let p : GL(2n,C) — GL(2n,C) be the invo-
lution p(A) = bg ‘A~ byt Tts restriction to U(2n) coincides with 7/. To
prove H((r'), U(2n)) is trivial, by Proposition 3.2 it suffices to show
that i : H'({u), U(2n)) — H'({u), GL(2n,C)) is the trivial mapping.
So let u € U(2n) and assume that up(u) = 1. Then ubyu='by! = 1
so ubg is antisymmetric. Regarding ubg as a bilinear form, it is non-
degenerate, so it can be converted into the symplectic form by by a
change of basis. In other words, there exists A € GL(2n,C) such that
Auby'A = by or

(5.12.1) u=A"bg A7 oyt = AT u(A)

This equation says that the cocycle defined by u becomes trivial in
H'({1), GL(2n,C)) as desired.

The isomorphism @ : (K,7) — (U(2n),7’) is obtained by chang-
ing the basepoint x1 € ha, (whose isotropy group is K = G?) to the
basepoint ila, € ha, (whose isotropy group we denote by K’ = GY ~
U(2n)). Let

B (Diag”(a)
a=

bp O
€ GSp(4n,R) and Ny =
0 Diag"(c)

0 ‘oo

where o, o/ are defined as follows:
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symbol | d # 1 (mod4) | d=1 (mod4)
o | (%) | (5/49)
() | (A7)

Define @ : Sp(4n,R) — Sp(4n,R) by ®(g) = aga~!. The mapping
® converts the commuting involutions 6,7 into commuting involutions
0'(g) = ‘g7' and 7/(g) = NogN; ', so it takes (K, 7) to (K',7'), (how-
ever the mapping ® does not preserve the integral structure) The
identification U(2n) = K’ C Sp(4n,R) is given by A+iB — (4 §).

Restricting the involution 7/ to U(2n) gives 7/(u) = bowb, ' q.e.d.

5.13 The involution on Siegel space

There is a unique involution 7 : b, — ho, so that 7(gZ) = 7(g9)7(2)
for all g € Sp(4n,R) and Z € bhay,; it is given by

(5.13.1) (Z)=Z=0b6Z%""

where b = Diag"(3). If Z = (z;;) is divided into 2x2 blocks z;; then
Z € b}, is fixed under 7 iff z;; = 32;; '3 (for 1 < 4,j < n), or

dfij Wi

Wij  Zij
dZ;i Wi

(5.13.3) zij=c ' 7 Y|t if d=1 (mod4)
Wij  Zij

for some z;;, w;; € C, and where o = (31). Conversely, if Z € by, is
divided into 2x2 blocks z;; = (32 27) then Z = 7(Z) iff z;; = dz;
and y;; = w;;. These are linear equations in the coordinates, so b3, is
an open subset of a certain linear subspace of the space of symmetric
2n X 2n matrices.

Proposition 5.14. The embedding ¢ : Sp(2n,C) — Sp(4n,R)
passes to an embedding ¢ : Y, = Sp(2n,C)/Ks; — ba, whose image
is the fized point set b3, . In particular, ¢(Yy) is a real algebraic sub-
manifold of Yon. If g € Sp(4n,R) and if g # I then ¢(Y,) NbY, is a
proper real algebraic subvariety of ¢(Yy), where b3 denotes the points
i bop, that are fized by g.
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5.15 Proof

The first two statements follow from Proposition 5.11 and Lemma 3.8
part (b). If g = (é [B)) € Sp(4n,R) then the points Z € ho, that are
fixed by g satisfy

(5.15.1) AZ+B=Z2CZ+ZD

which is a system of linear and quadratic equations in the matrix entries
for Z, so this fixed point set is a real algebraic subvariety of hs,, as is
its intersection with §3,. We will now show that this intersection is
a proper subvariety of h3, unless g = 1. We consider only the case
d # 1 (mod4); the case d = 1 (mod4) is similar.

Let Y be the 2n x 2n matrix consisting of 2x2 blocks along the

diagonal y; = <7gy" ,72- ) (for 1 < ¢ < n) where y; > 0. It follows from
(5.13.2) that itY € b3, for all t > 0. If it} is fixed under g then (5.15.1)
gives t?YCY = B and YD = AY from which it follows that B = C' = 0.
Since g is symplectic we also obtain D = ‘A~!. So we are reduced to
considering those matrices A € GL(2n,R) such that Z = AZ'A for all
Z b3,

We outline one of many possible ways to see this implies A = +1. By
taking Z = Diag(z1,22,...,2,) to consist of 2x2 blocks z; = (dgi ’"i)

Ty Z4
along the diagonal, and by varying one block but fixing the others,
we may conclude that A = Diag(aj,as,...,a,) also consists of 2x2

blocks, and that z; = a;z; ‘a;. Comparing real and imaginary parts of
this equation gives a; = +1. It is then easy to see that the signs must
all coincide. q.e.d.

5.16 ~-real points

If v € Sp(4n,Z) and v§ = I (that is, if f, is a 1-cocycle), then a point
Z € bay, is said to be a v real point if 7(Z) = ~Z, the set of which was
denoted b3 in (3.4.1). If T' C Sp(4n,Z) is a torsion-free subgroup that
is preserved by the involution 7 then the set of 7 fixed points in the

quotient '\ b, is precisely the image of the set

b= U 63

vEZ((7).T)
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6. Symplectic O4 modules

6.1

The main result in this section (Proposition 6.4), which classifies sym-
plectic O4 modules, will be used in the proof of both main theorems
(Theorem 2.3 and Theorem 8.5) of this paper. First, it is used to
prove Proposition 6.10, which verifies hypothesis (4) (vanishing of non-
abelian cohomology) of Lemma 3.8, which in turn is used to prove The-
orem 2.3. Proposition 6.4 is also used in the proof of the Comessatti
lemma (Proposition 7.7), which in turn is used to prove Theorem 8.5.
Throughout this section we fix a square-free integer d < 0 and let Oy
denote the ring of integers in the quadratic imaginary number field

Q(Vd).

6.2

Recall [3] (VIL.10 Prop. 24) that a finitely generated module P over the
Dedekind domain Oy is torsion-free iff it is projective. If such a module
P has rank n, then there exist vq,vo,...,v, € P such that

(6.2.1) P=204u1 ®Oqvs® -+ ® Ogup_1 ® Toy,

for some fractional ideal Z.

Now suppose Py C P is a submodule. Then there exist submodules
P,P, C P such that P = P, & P> and so that P, D Py and P; ®
Q = Py®Q. For, let M = P/P, and consider its torsion-free quotient
M /M*™" where M*" denotes the torsion submodule of M. The preceding

paragraph implies the composition
(6.2.2) P — M — M/M™

admits a splitting M/M'*" — P whose image we denote by P,. Then
P = P, & P, where

P, ={z € P| rx € Py for some r € Oy}

is the kernel of the composition (6.2.2).
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6.3 Polarizations

Let Q : R?” x R?*" — R be a symplectic form and let L C R?*" be a
lattice. We say that @ is a principal polarization of L if Q) takes integer
values on L and if, for some basis of L (and hence for any basis of L), the
matrix for () has determinant 1. In this case there exists a symplectic
basis of L, meaning an ordered basis such that the resulting matrix for

Q is

Now suppose r = 2n and suppose that L is also an Oz module. Let us
write b- v for the action of b € Oy on a vector v € L. We say the action
of Oy is compatible with the polarization @ if

(6.3.1) Q(b-u,v) =Q(u,b-v)

for all u,v € L and b € Oy, cf. Equation (7.3.4). It follows that Q(b -
u,u) =0 for all b € Oy and all u € L.

Proposition 6.4. Suppose Q is a symplectic form on R*™ that prin-
cipally polarizes a lattice L C R*™. Suppose L has an Oy structure that
18 compatible with the polarization Q). Then there exists

Uiy evnyUpyVlyeon Uy €L

such that the following ordered collection is a symplectic basis for L:

{ur,w-ug, ..., Up, W Up, W - V1, V], ..., W= Vp, Up}
if d#1 (mod4), and
{ur,w-ut, ... Up,w - Uy, (w—1) v1,01,...,(w—1) vy, v,}

if d=1 (mod4).

In particular, L = L1 @& Lo is the direct sum of the free Lagrangian
submodules

Li=04u1 @ ---®Oqu, and Ly = Oqv1 & --- ® Ogvp.

In either case, with respect to this basis, the matrixz for the action of
Vd € Oy is the matriz N of Equation (5.8.3) (cf. §7.3).

Proposition 6.4 will be proven by induction on n.



ANTI-HOLOMORPHIC MULTIPLICATION 535

6.5 Thecasen =1

By §6.2, L = O4qv ® Tw for some v, w € L and some fractional ideal Z.
So a Z basis of L is given by

(6.5.1) {v,w-v,aw,bw - w}

for some a,b € Q. The symplectic form @ vanishes on O4v since Q(v,w-
v) = Q(w - v,v) = —Q(v,w - v), and it similarly vanishes on Zw. So

with respect to this basis, the matrix for @ is (_%P ]g) where P is some

integer matrix. On the other hand, @) is a principal polarization of L,
so det P = +1. Apply P~! to the basis {aw,bw - w} of Zw to obtain a
new basis {z,y} of Zw. Then the matrix of @ with respect to the basis
{v,w-v,x,y} is Jo. Now let us determine the relationship between z,y,
and w - y. Set x = a’y + V'w - y for some a’, b’ € Q. Then

1=Q(v,z) =d'Qv,y) +V'Q(v,w-y) =0 Q(w-v,y) =V’
0=Qw-v,2) =dQw-v,y) +VQw -v,w-y) =d + Q(w?-v,y)

_Jd +dQv,y) =d if d# 1 (mod4)
T ld +Qw+m)-v,y)=d +1 ifd=1 (mod4).

Hence z =w-yif d# 1 (mod4) and x = (w—1) -y if d =1 (mod4), as
desired. In either case, w -y € Zw so Zw = Oy is free.

6.6 Thecasen >1

We will prove in Lemma 6.7 below (by a somewhat roundabout argu-
ment) that there exist elements x,y € L so that

(6.6.1) Q(z,y) =0 and Q(z,w-y) = 1.

It follows that Q(w - z,y) =1 and Q(w - z,w - y) = 0. Let Py be the Oq4
span of {z,y}. It has a Z basis {z,w - z,w - y,y} with respect to which
the matrix of Q|Fy is Jo.

We claim that L splits as a direct sum, L = Py® Lo of O4 submodules
(of Z rank 4 and rank 4n-4 respectively) such that the restriction Q|Lq
is a principal polarization. By induction, the lattice Ly has a basis of
the desired type, from which it follows that L does also.

The claim is proven as follows. Using §6.2 there exists a splitting
L = P; & P, by submodules P; and P, such that P, D Py and P, RQ =
Py ® Q. Let {u,v, z,w} be a Z basis for P, and let Q; be the matrix of



536 M. GORESKY & Y.S. TAI

() with respect to this basis. If A denotes the matrix that transforms
this basis of P; ® Q into the basis {z,w - z,w -y, y}, then Jo = AQ; A.
Since these are matrices of integers, it follows that det(A) = £1 hence
Py = Py. The next step is to modify the complement P» to obtain a
complement Lo which is principally polarized.

By §6.2 we may write Po = Oqw1®- - - ® Oqway, 3B Lwo, o for some
w; € Py. For 1 <1¢<2n — 2 set

wg:wi—Aix—Hiw'x—%’W'?J_Viy'

Then there are unique choices of integers \;, u;, v, v; € Z so that each
w; is @ orthogonal to Py. Let Ly be the Oy span of the vectors w) (for
1<i<2n—2). Then L = Py® Ly and Lo is orthogonal to Py. With
respect to any choice of Z basis for Ly (and the above basis for Py) the
matrix for @ is

Jo 0
0 9

(6.6.2)

where Qs is some integer matrix. However @ is a principal polarization,
so the determinant of the matrix (6.6.2) is 1, from which it follows that
the determinant of Qs is also 1. Therefore, the restriction of Q) to Ls is a
principal polarization, as desired. The rest of this section is dedicated to
proving the existence of the elements x, y, which we now state precisely.

Lemma 6.7. Fiz n > 2. Suppose L C R is a lattice that is
principally polarized by the symplectic form @, and suppose L admits a
compatible action of Og4. Then there exists x,y € L so that (6.6.1) holds.

6.8 Proof

If {uy,...,u,} is a collection of vectors in L let

(Ugy ..., up)

denote their vector space span in R*” and let

(uq, .. .,ur>L

be the Q-annihilator of this span. Since @ is integral on L, the inter-
section L N {uq,...,u)" is a lattice in (ug,...,u., )"
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Step 1. There exists a Lagrangian Og4 submodule Ly C L.
Suppose by induction that a Q linearly independent collection of
vectors

(6.8.1) {ur,w-ui,ug,w-ugy ..., up,w-u} C L

has been found so that @ vanishes on their Q span U, (with the case
r = 0 being trivial). The Q-annihilator U;* has dimension 2n — r and
the intersection L N U;- is a lattice in U;-. If 7 < n then there exists
a vector u,y1 € UTL N L which is not contained in U,. We claim the
collection {uy,w-uy, ..., Ur,w-Up, Upt1,w-Upry1} is linearly independent
and that @ vanishes on its vector space span Uy, 1.

Suppose that w - u,41 is a linear combination of the other vectors in
this collection, say,

T

W Upg] = Z(a,u, + biw - u;) + cupyq
=1

for some rational numbers a;, b;, and c. Multiplying by w and collecting
terms gives

(d — CQ)UT_H = Z(az + cbi)w - u; + (bid + cai)ui)
=1

if d # 1 (mod4). But d — ¢ < 0 so this contradicts the linear indepen-
dence of (6.8.1). The case of d =1 (mod4) is similar.

Step 2. There exists a Lagrangian Oy submodule L1 C L and a
submodule Lo C L so that L = L1 & Lo.
This follows from §6.2 and in fact L1 ® Q = Ly ® Q.

Now set L1 = Oqy1 @ Oqys ® - - - ® Ogypn_1 ® Ly, for some fractional
ideal Z. Then there exist rational numbers a, b € Q so that the collection
{Y1,w Y1,y Yn—1,W * Yn—1, Yn, @Ypn, + bw - y, } forms a Z basis of L;.

Step 3. Choose any 7Z basis for Ly. Together with the preceding
basis for L this gives a basis for L = Ly & Lo with respect to which the
matrix of () is

0o T
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for some matrix T of integers. It follows that det(7") = +1. Applying
T~ to this basis gives a new Z basis for Lo such that the matrix for Q
is

—I =
Denote this new basis by {z1,x1, 22, %2, ..., 25, Tp}. Then

Q(ylvxl) =0 and Q(w . ?/17$1) = 1.

Therefore the elements y = y; and © = —z satisfy (6.6.1). q.e.d.

6.9 Application to nonabelian cohomology

Proposition 6.4 may be used to construct an Q4 module structure on
certain lattices. Let 7 be the involution of Sp(4n,Z) = Sp(Z*"*, Q) de-
fined in §5.7. Let I' C Sp(4n,Z) be a torsion-free (arithmetic) subgroup
that is preserved under 7. If d = 1 (mod 4) then suppose also that I" is
contained in the principal congruence subgroup I'(2) of level 2. Set

T = {h € Sp(4n, Z) ( hhle r} .
Proposition 6.10. The mapping
H'((r),T) — H'({7),T)
is trivial.

6.11 Proof
Let v € I' and suppose f, is a 1-cocycle, that is, 4 = YNYN~L =1,
cf. Equation (5.8.3). It follows that (Nv)? = NyN+y = N? = dI. Using
Equation (5.8.4) we obtain

Qo(Nyu, Nyv) = dQo(u,v)

and hence

QO(N’YU, U) = QO(U7 NPYU)
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for all u,v € R*. We use this to define a Qg-polarized Oy module
structure on the standard lattice Z** by letting v/d act through N+,
that is, define

(a +bVd) - u = au + bN~u

whenever a,b € Z If d = 1 (mod4) it is necessary to check that the
action of w = (1 4+ +/d)/2 also preserves the lattice Z*", however this
follows from the fact that v = I (mod2) when d =1 (mod4).

So we may apply Proposition 6.4 to conclude that Z*" admits a
symplectic basis with respect to which the matrix of v/d is N. In other
words, there exists h € Sp(4n,Z) such that Ny = hNh~!. Using the
fact that N = N~'dI we conclude that

v=N"'hNh'=NhN'ht=hn"

from which it follows that b € I and that the cocycle f, is a coboundary.
q.e.d.

7. Anti-holomorphic multiplication

7.1

In this section we recall [13] some standard facts and notation concern-
ing abelian varieties. Let L C C" be a lattice (that is, a free abelian
subgroup of rank 2r so that L ®c R — C?" is an isomorphism of real
vector spaces). Then A = C"/L is a complex torus. If wi,ws,...,w, is
a basis for the space of holomorphic 1-forms on A, and if vy, ve, ..., v,
is a basis for L then the corresponding period matrixz €2 is the matrix
with entries Q;; = fvj w;. o) = Zj A;jv; and if W) = Zj B;jw; are new
bases then the resulting period matrix is

(7.1.1) Q' = BQ'A.

A real symplectic form @ on C" is compatible with the complex struc-
ture if Q(iu,iv) = Q(u,v) for all u,v € C", (not to be confused with
Equation (7.3.4) below). A compatible form @ is positive if the sym-
metric form R(u,v) = Q(iu,v) is positive definite. If @) is compatible
and positive then it is the imaginary part of a unique positive definite
Hermitian form H = R+1Q. Let L C C" be a lattice and let H = R+1Q
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be a positive definite Hermitian form on C”". Recall that Q is a princi-
pal polarization of L if L admits a basis such that the resulting matrix
for @ is J, (cf. §6.3). A principally polarized abelian variety is a pair
(A=C"/L,H = R+1iQ) where H is a positive definite Hermitian form
on C" and where L C C" is a lattice that is principally polarized by Q.
Each Z € b, determines a principally polarized abelian variety

(Az,Hz)

as follows. Let Qg be the standard symplectic form on R*" = R” @ R”
with matrix J = J, = (_OI é) (with respect to the standard basis of
R" @ R"). Let Fy : R" ® R" — C" be the real linear mapping with
matrix (Z, ), that is,

Fz(y)=Zx+y.
Then

(7.1.2) Qz = (Fz)«(Qo)

is a compatible, positive symplectic form that principally polarizes the
lattice

(7.1.3) Ly =Fz(Z &7").

(In fact Fz(standard basis) is a symplectic basis for Lz.) The Hermitian
form corresponding to Q)7 is

Hyz(u,v) = Qz(iu,v) +iQz(u,v) = u(Im(Z)) v

for uw,v € C". The pair (Az = C"/Lyz, Hyz) is the desired principally po-
larized abelian variety. If 21, 29, ..., 2, are the standard coordinates on
C” then, with respect to the above symplectic basis of L, the differential
forms dz1,dz9, ..., dz have period matrix Q = (Z,I).

7.2

The principally polarized abelian varieties (Az = C"/Lz, Hz) and (Ag
= C"/Lq, Hqg) are isomorphic iff there exists a complex linear map-
ping £ : C" — C" such that {(Lg) = Lz and &.(Hq) = Hyz. Set
h = (F;'€Fg) = (45). Then: h € Sp(2r,Z), Q@ = h - Z, and
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&(M) = (CZ + D)M for all M € C", which is to say that the fol-
lowing diagram commutes:

() R &R —— C" M
Frn.z

(7.2.1) | | ¢ |

(since h - Z is symmetric). The relationship between the mapping F
and the involution 7 is the following. Let NV be as in (5.8.3). If Z € b,
and Z = bZ %! then this diagram commutes:

(y) R oR" — C" M

Fz

722 | | ]

IN(j}) RR@R" —— C" bM.

Z

7.3

A real endomorphism of a principally polarized abelian variety (A =
C"/L,H = R+ iQ) is an R-linear mapping f : C" — C" such that
f(L) C L; two such being considered equivalent if they induce the same
mapping A — A. As in §5.2, fix a square-free integer d < 0 and let
Og4 denote the ring of integers in the number field Q(v/d). Recall (for
example, from [23] Equation (5.5.12) or [27] or [7] §3.1.1) that a complex
multiplication by the ring Oy on A is a ring homomorphism ® : O; —
Endg(A) such that ®(1) = I, and for all b € Oy and u,v € C",

) ®(b) : C" — C" is complex linear,

1
2) Q®(b)u, v) = Q(u, D(B)).

(If » = 1 then (7.3.2) follows from (7.3.1) and the relation Q(u,v) =
Q(iu,iv).) In analogy with the above, let us say that an anti-holomor-
phic multiplication by the ring Oy is a ring homomorphism ¥ : O; —
Endg(A) such that (1) = I and so that the mapping x = ¥(+/d) :
C?n — C?" satisfies

7.3.3) k(au) = ar(u)
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for all a € C and u,v € C". (Consequently, ¥(1) is complex linear and
r = U(1/d) is anti-linear.) In this case, ¥ is determined by the mapping
k, and Equation (7.3.4) implies that

(7.3.5) QMY(b)(u),v)) = Q(u, ¥ (b)(v))

for all b € Oy4. If such an anti-holomorphic multiplication exists then
r is even (and in fact (u,v) = Q(k(u),v) + VdQ(u,v) is a complex
symplectic form on C” with respect to the complex structure defined by
x/v/—d). Equivalently, a choice of anti-holomorphic multiplication by
Oy, if one exists, is a choice of Oz-module structure on L that satisfies
(7.3.3) and (7.3.5) for all u,v € L and all b € O,.

7.4

For the remainder of this section take r = 2n and write )y for the
(standard) symplectic form on R*" whose matrix is J = Ja, with re-
spect to the standard basis of R*". The following lemma states that
certain points (the 7-real points, for appropriately chosen <) in the
Siegel space correspond to abelian varieties with anti-holomorphic mul-
tiplication. We use the involution 7 defined in (5.8.2) and (5.13.1) and
the corresponding matrix N of (5.8.3); see also §5.16.

Lemma 7.5. Let v € Sp(4n,Z) and suppose vy = 1. If d =
1 (mod4) then assume also that v = I (mod2). Fiz Z € b3). Then
the mapping

(7.5.1) kz=Fzo (Ny)oF,!.C™ - C™
defines an anti-holomorphic multiplication by Og4 on the principally po-
larized abelian variety (Agz, Hz).

7.6 Proof
Set n = {N~). Then

= (NYNv) = (NvdN~'v) = d'(Fy) = dI

. L[ 0\ (I 0
so the same is true of kz. Also, n = % . The first

0 bt) \0 dI
two factors are in Sp(4n,R) so Qo(nu,nv) = dQo(u,v) for all u,v €
R*". Hence Qz(kzu, kzv) = dQz(u,v) for all u,v € C?* which implies
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(7.3.4). The mapping sz preserves the lattice Ly = Fyz(Z*" @ Z*")
since n preserves the integer lattice. If d = 1 (mod4) and v = I (mod 2)
then {N~v)+1 =0 (mod2) (since 3, b, and N are all = I (mod 2), see
§5.7). This shows that (I +n) preserves the lattice Z*" & Z>", hence
Oy preserves L.

Finally we check that k7 : C** — C?" is anti-linear. Let v = (é g) .
By (7.2.1) and (7.2.2) the following diagram commutes:

RQn o) RQn (CQn M
Fz
| L
2n 2n 2n AT

gl Lok

R R ——— C> YCZ+ D)bM.
F _15

¥ -Z
But Z = v 1. 7 so the bottom arrow is also Fyz. Then k7 is the
composition along the right-hand vertical column and it is given by
M — YCZ + D)bM which is anti-linear. q.e.d.

The following proposition is an analog of the lemma ([29], [4]) of
Comessatti and Silhol.

Proposition 7.7. Suppose A = (C**/L,H = R+ iQ) is a prin-
cipally polarized abelian variety with antiholomorphic multiplication k :
C?™ — C?" by O4. Then there exists a basis for the holomorphic 1-forms
on A and there exists a symplectic basis for L such that the resulting
period matriz is Q = (Z,1) for some Z € b}, which is fized under the
mvolution T.

7.8 Proof

Throughout this section, in order to simplify notation, but at the risk of
some confusion with the usual multiplication, we will write b - v rather
than ¥(b)v, for any b € Oy and v € C?". First consider the case d #
1 (mod4). By Proposition 6.4 and by interchanging the u’s and v’s,
there exist ui,..., Uy, v1,...,v, € L so that the ordered collection

{w - ur, Uty W Up,y Up; V1, WV, Uy W Up b

is a symplectic basis for L.
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The space of holomorphic 1-forms on A is 2n-dimensional, so for
each i (1 <i < n) there exist a unique holomorphic 1-form 7; such that
the following holds for all j (with 1 < j < n):

/771-—0 and / ni = 0;j.
’Uj W"Uj

Set n, = k*n; = k*7;. Then the collection {n},n1,...,n},,mn} is an or-
dered basis for the holomorphic 1-forms on A. Let us compute the period
matrix with respect to these bases. Calculate that

/ m’-:/ “*"izd/mzo
UJ'UJ' RV, V4

J J

/772:/ M; = bij-
vj KV;

It follows that the second “half” of the period matrix is the identity.
Now let z; = [ and wg; = [, n; for 1 <4,j < n. Then by a similar
J J
calculation, the first half of the period matrix consists of 2x2 blocks,
2= Jouy M Sy i\ _ (47w
Juoy M Sy Wij  zij

which implies by (5.13.2) that Z € b7,,.

Now consider the case d = 4m + 1. In this case Proposition 6.4
guarantees the existence of vectors u1,...,un,v1,...,v, € L so that the
ordered collection

(7.8.1) {(w—1) up,ugy...,(W—1) Up,Up; V1,W-V1,...,0n,w " Vp}

is a symplectic basis for L. For each i (1 < i < n) there exist a unique
holomorphic 1-form 7; such that fv]- n; = 0 and fw}j n; = 0;5. Set 1, =

k*(7;). Then
/ ;= / n; = / ;i =2
v KV; (2w—1)-v;
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since Vdw = 2m+w. So the second half of the period matrix is Diag" (o)
where 0 = (%1). Set z;; = fuj n; and w;; = fu]- .. Then a simple
calculation gives

0
1

Sy M S mi\ [ dZ o wi
Sty M Sy i Wij i

|
[T

So the period matrix is (Z'Diag"('o~'), Diag"(c)) where Z’ consists of
2% 2 blocks z;; = (%ZZ l:;]) . By (7.1.1), changing the basis
{nme o}
by the action of Diag”(c~1) will give a period matrix (Z, I) where
Z = Diag"(oc~ 1) Z'Diag" (o 71).

By (5.13.3) the point Z € b3, is fixed under 7 as claimed. q.e.d.

8. A coarse moduli space for abelian varieties with
anti-holomorphic multiplication

8.1 Level structures

Let (A = C?"/L, H = R+iQ) be a principally polarized abelian variety.
A level M structure on A is a choice of basis {Ui, ..., Uz, V1,..., Von}
for the M-torsion points of A that is symplectic, in the sense that there
exists a symplectic basis

{ui, ..., uzp,v1,..., 020}

for L such that

and V; = il (mod L)

U; %

Sk

(for 1 <i < 2n). For a given level M structure, such a choice
{ur, ... ugn,v1, ... v2n}
determines a mapping

(8.1.1) F:R*™g@R™ - C*"
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such that F(Z*" @ Z*") = L, by F(e;) = u; and F(f;) = v; where
{e1,... €, f1,-.., fon} is the standard basis of R?" @& R?". The choice
{uy, ..., ugn,v1,...,02,} (or equivalently, the mapping F') will be re-
ferred to as a lift of the level M structure. It is well-defined modulo the
principal congruence subgroup I'(M), that is, if F’ : R?" @ R?" — C?"
is another lift of the level structure, then F' o F~1 € T'(M).

Suppose (A, H, k) is a principally polarized abelian variety with
anti-holomorphic multiplication by O; as in §7.3. A level M struc-
ture {Uy,...,Uzp, Vi,...,Vap} on A is compatible with x if for some
(and hence for any) lift ' of the level structure, the following diagram
commutes (mod L):

S

s M
(8.1.2) tNl l

1 (ZZTL @ZQn) 1 L
F

1 (ZZTL @Zzn) 1 L
K

g|
g|

where N is the matrix (5.8.3).
We will refer to the collection

A= (A=C*"/L,H = R+iQ,k,{U;,V;})
as a principally polarized abelian variety with anti-holomorphic multi-
plication and level M structure. If
A/ — (A/ — C2n/L,, H/ — R+ZQ, K/,, {UZ/,‘/‘;})

is another such, then an isomorphism A = A’ is a complex linear map-
ping 1 : C?" — C?" such that ¢(L) = L', . (H) = H', .(r) = &', and
such that for some (and hence for any) lift

{’Ul,... y U2n,, U1y - - - 77)271}
and
L, by, 0}
of the level structures,
) ! . v
) (%) = % and (%) = M] (mod L).

Define V' (d, M) to be the set of isomorphism classes of principally polar-
ized abelian varieties with anti-holomorphic multiplication by Q4 and
level M structure.
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8.2

If Z € hay, then for any M > 1 we define the standard level M structure
on the abelian variety (Az, Hz) to be the basis

{Fz(ei/M), Fz(f;j/M)} (modL)

where

{617---7e2n7f17"'7f27b}

is the standard basis of R2" ¢ R2",

Lemma 8.3. Let v € Sp(4n,Z) and let Z € b3, that is, 7=~ Z
Let M > 3. Then the standard level M structure on the abelian variety

(Az,Hyz) is compa/t\z'ble with the anti-holomorphic multiplication kz iff
vyely =T(M)NT(M).

8.4 Proof

It follows immediately from diagram (7.6.1) that v € I'(M) iff the stan-
dard level M structure on (Az, Hz) is compatible with k7. Since I'(M)
is torsion-free, 7y = I which implies v € I'(M); hence v € T'ps.  q.e.d.

By Lemma 8.3, each point Z € bgfLM) determines a principally po-
larized abelian variety

Az =(Az,Hz, kz,{Fz(ei/M), Fz(fj/M)})

with anti-holomorphic multiplication and (compatible) level M struc-
ture.

Theorem 8.5. Fix M > 3. If d = 1 (mod4), assume also that
M is even. Then the association Z — Az determines a one to one
correspondence between the real points (2.3.2) Xr of X = T'a\b2n and
the set V(d, M) of isomorphism classes of principally polarized abelian
varieties with anti-holomorphic multiplication by Og4 and (compatible)
level M structure.

8.6 Proof

A point z € X is real iff it is the image of a I"js-real point Z € b;l;(M).
If two I'ps-real points Z, 2 determine isomorphic varieties, say ¢ : Aq =
Az then by (7.2.1) there exists h € Sp(4n,Z) such that Q = h- Z. Since
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the isomorphism 1 preserves the level M structures, it follows also from
(7.2.1) that h € T'(M). We claim that h € T';. Let Z =~y - Z and
Q= va - Q, with vz, vq € I'jr. Putting diagram (7.6.1) for Z together
with the analogous diagram for 2 and diagram (7.2.1), and using the
fact that 1. (kq) = Kz gives a diagram

RZn e RQn (C2n

Fo
t —17 -1 _
(7q h’VZ)l lﬂzwﬁg =1
R2n ey RQn (CQn
Fyz

from which it follows that t(fmﬁﬁyz) € I'(M), hence he ['(M), hence
heT.

So it remains to show that every principally polarized abelian va-
riety with anti-holomorphic multiplication and level M structure, A =
(A, H,k,{U;,V;}) is isomorphic to some Az. By the Comessatti lemma
(Proposition 7.7) there exists Z' € B, such that Z’ = Z/, and there
exists an isomorphism

d}/ : (AZ’aHZ/v’%Z’) = (Aa H7 K)

between the principally polarized abelian varieties with anti-holomor-
phic multiplication. However the isomorphism 1)’ must be modified
because it does not necessarily take the standard level M structure on
(Az/,Hzr, kz) to the given level M structure on (A, H, k).

Choose a lift {ui,...,usp,v1,...,v2,} of the level M structure and
let F': R?" @ R?" — C?" be the corresponding mapping (8.1.1). Define

(8.6.1) tg7t = F~ Yoy o Fy € Sp(4n, Z)
(8.6.2) Z=g-7
(8.6.3) y=g9 ' =N"1gNg L.

Asin §7.2,if g = (4 B) define £ : C*" — C*" by {(w) = (CZ + D)w.
Define ¢ = v’ o £&. We will show that v € I'y/, that Z = ~ - Z, and that
1 induces an isomorphism v : Az — A of principally polarized abelian
varieties with anti-holomorphic multiplication and compatible level M
structures.

In the following diagram, F' is the mapping (8.1.1) associated to
the lift of the level M structure. The bottom square commutes by the
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definition of g, while the top square commutes by (7.2.1):

R2n ey RQn Fz (C2n

d Js

(8.6.4) R o R —— C?",
Fy

ol
F

RQTL oy RQn (CQn'

First let us verify that £ : (Az, Hz,kz) — (Ag, Hyzr,ky) is an iso-
morphism of principally polarized varieties with anti-holomorphic multi-
plication by Oy. It follows from (8.6.4) that {,(Lz) = Lz and &.(Hyz) =
Hyz. We claim that &,(kz) = kg, that is, ky = EkzE L. But this fol-
lows from direct calculation using & = Fy 'gFy, ky = Fz (N vF, L
ky = Fz'NFz and (8.6.3) (and it is equivalent to the statement that
the pushforward by ‘g of the involution {N+v) on R?" @ R?" is the in-
volution ‘N). It follows that

(8.6.5) Vi(kz) = K.

We claim that the standard level M structure on (Az, Hz) is com-
patible with kz. By construction, the mapping 1 takes the standard
level M structure on (Az, Hyz) to the given level M structure on (A, H).
By assumption, the diagram (8.1.2) commutes (modL). By (8.6.4),
F =1 o Fy. Using (8.6.5) it follows that the diagram

b E@rem) —— dis

| [

b @ e mn) —— YL,
Fz
commutes (mod Lz), which proves the claim. It also follows from
Lemma 8.3 that v € I'y,.
In summary, we have shown that

(Az,Hz,kz,{Fz(e;/M), Fz(f;/M)})

is a principally polarized abelian variety with anti-holomorphic multipli-
cation and (compatible) level M structure, and that the isomorphism
preserves both the anti-holomorphic multiplication and the level struc-
tures. q.e.d.
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9. Rational structure

9.1

Let g — G = NgN~! be the involution on Sp(4n,R) where N denotes
the matrix (5.8.3), as in §5.7. The resulting anti-holomorphic involution
on bo, is given by Z — Z =06Z%"' Asin 8, fix a level M > 1 and
let T = Ty = (M) NT(M). It is well-known ([5] §V Thm. 2.5) that
the arithmetic quotient I'(M)\ b2, admits a model that is defined over
a certain cyclotomic field. For our purposes, however, we need a model
that is defined over a subfield of the real numbers, and we need it for
the slightly different arithmetic quotient X = I'jp;\b2y,. For these facts
we will use results of [25].

Theorem 9.2. There exists a projective embedding X — CP" and
there exists an anti-holomorphic involution T on CP" such that:

o The closure X is the Baily-Borel Satake compactification of X.
o As a projective algebraic variety, X is defined over Q.
e The involution T is rationally defined and preserves X.

o The restriction 7| X coincides with the involution (induced by) T
of §5.13.

In summary, the set Xg described in Theorem 2.3 forms the set of
real points of a complex quasi-projective algebraic variety defined over
Q. The proof will occupy the rest of this section.

Proposition 9.3. The complex vector space of (holomorphic) T -
modular forms on Yo, is spanned by modular forms with rational Fourier
coefficients.

9.4 Proof

Let G = GSp(4n), let A be the adeles of Q and let S € G(A)" be
an open subgroup containing Q*G(R)™ (where + denotes the identity
component). Let I's = S N G(Q). Suppose that I' C G(Q) is an arith-
metic group which is contained in I's and that:

(1) S/Q*G(R)™" is compact.

(2) T-Q* =T.
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(3) The set
I 0
A= €G(A) | tenzy
0 tlo, P

is contained in S.

Then [25] Thm. 3 (ii) states that the complex vector space of I'-modular
forms with weight k£ on o, is spanned by those forms whose Fourier
coefficients are in the finite abelian extension kg of Q that is determined
by the set S. To apply this to our setting, let S1(M) be the collection
of elements z € G(A)" such that each p-component z, € GL(2n,Z,)
and satisfies

I, 0
Ty = (mod M - Zy)
0 apfgn

for some a,, € ZX. Define S(M) = S1(M)-Q*, let S'(M) = NS(M)N~*,
and S = S(M) NS’ (M). Then hypothesis (1) is satisfied. It is easy to
see that S(M), S’(M) both contain A, hence hypothesis (3) is satisfied
for the set S. In this case, kg = Q and

I's =S8NG(Q) = (I(M)NT(M)) Q=T -Q*

which verifies hypothesis (2). q.e.d.
9.5
Let I_ = (I%" _?2n> . Its action by fractional linear transformations

maps the Siegel lower half space b,,, to the upper half space ha,, that
is, I_ - Z = —Z. Hence, for any holomorphic mapping f : ho, — C we
may define f’: b, — C by

f(Z)=fU--N-Z)= f(-bZ%7").

Proposition 9.6. If f : b, — C is a holomorphic I'-modular
form of weight k, with rational Fourier coefficients, then f' is also a
holomorphic I'-modular form of weight k, and

(9.6.1) f(Z)=F(Z)
for all Z € hoy,.

551
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9.7 Proof

Suppose that f(y-Z) = j(v,2)*f(Z) for all v € T and all Z € b,
where

i((AB),Z) =det(CZ+ D)

is the standard automorphy factor. Then j(I_N, Z) = det(—'b) is in-
dependent of Z. Let v € I' and set

A =I_NyN~'I7'erl.
Then

flly-2)=f( I-N-2)
=j(y, I-N - Z2)* f'(Z)
= det(—0)"j(v, 2)" det(~ o) " f'(2)
=j(n, 2)" 1 (2).
which shows that f’ is I-modular of weight k. Next, with respect to
the standard maximal parabolic subgroup P, (which normalizes the

standard 0-dimensional boundary component), the modular form f has
a Fourier expansion,

f(2)=> " asexp(2mi(s, Z))

which is a sum over lattice points s € L* where L = I' N Z(Up) is the
intersection of I' with the center of the unipotent radical Uy of Py and
where as € Q. Then

f(Z) = Z Qs exXp (27ri<3, bthfl))

= Z asexp (2mi(s, —bZ 1))

= f(—=bZ%Y) = f(Z).
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9.8

The Baily-Borel compactification X of X is the obtained by embed-
ding X holomorphically into CP™ using m + 1 (I'-)modular forms (say
fo, fi,- -+, fm) of some sufficiently high weight k, with rational Fourier
coefficients, and then taking the closure of the image. Define an embed-

ding ® : X — CP?™*! by

O(Z) = (fo(2): fl(Z):+: fml2)  fo(Z) - f1(Z) 2+ fr(Z)).

Denote these homogeneous coordinate functions by z; = f;(Z) and
yj = fj(Z). Define an involution o : Cp?m+l — CP*™H by o(z;) =
y; and o(y;) = 7;. Then Equation (9.6.1) says that this involution is
compatible with the embedding ®, that is, for all Z € X we have:

Define ¥ : CP?m! — CP?™+l by setting & = zj + y; and n; =
i(z; —y;) for 0 < j <m. Let Y = ¥®(X) and let ¥ denote its closure.

Proposition 9.9. The composition ¥® : X — CP?>™*! is a holo-
morphic embedding which induces an isomorphism of complex algebraic
varieties X — Y. The variety Y is defined over the rational numbers,
and the real points of Y are precisely the image of those points Z € X
such that Z = Z.

9.10 Proof

The image V®(X) is an algebraic subvariety of projective space that
is preserved by complex conjugation, so it is defined over R. The real
points are obtained by setting éj = {; and 77; = n; which gives T; = y;
and §; = z; hence ®(Z) = 0®(Z), or Z = Z. The Fourier coefficients of
& and n; are in Q[i] so the image W®(X) is defined over Q[i]. Since it
is also invariant under Gal(C/R), it follows that W®(X) is defined over
Q. q.e.d.

9.11 Remark

The embedding (fo : f1 : -+ : fm) : X — CP™ determines the usual
rational structure on X, and the resulting complex conjugation is that
induced by Z — —Z for Z € bay,.
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10. The symmetric space for Sp(2n,C)

10.1

In this section we sketch a proof of the well-known (but difficult to
reference) fact that the complex symplectic group acts transitively on
the quaternionic Siegel space by fractional linear transformations, and
that the stabilizer of each point is a maximal compact subgroup. These
facts are not needed in the rest of the paper, however they may help to
make this symmetric space look a little more familiar.

10.2 A quaternion algebra

Associated to the imaginary quadratic field Q(v/d) we consider the
quaternion algebra H over R that is generated by 1,1, j, k with i =Kk%=
dl, f =—landij=k lfw=rl+sitzj+ykset w=rl—si—zj—yk
and w* = rl + si — xj + yk. If we embed 6 : C — H by Vd — i then
0(2) = 0(z) and we may write H = 6(C) @ k#(C). Define the purely
quaternionic part of such an element w € H to be

Qu(w) =k '(zj+yk) =y + gi-

The mapping 6 extends to an injective algebra homomorphism 6 :
Myxn(C) — Myyn(H) by applying 6 to each matrix entry. For no-
tational convenience we shall often omit the use of the symbol 6.

If A, B € GL(n,H) then {AB)" = ('B*)('4*). If Qu(A) = 0 then
Ak = kA. An element A € M,, 5, (H) is Hermitian if A = 'A. In this case
(z,2)4 = ZAz is real, for all z € H". The element A is positive definite
(written A > 0) if (z,2)4 > 0 for all nonzero z. The unitary group
U(n,H) (sometimes denoted Sp(n)) consists of those A € M, x,(H)
such that A= = A,

10.3

Define the quaternionic Siegel space
Y, = {W € Myun(H) | W* = W, Qu(W) > 0} .
Proposition 10.4. The symplectic group Sp(2n,C) acts transi-

tively on the quaternionic Siegel space Yy by fractional linear transfor-
mations: if g = (é g) then

g-W = (AW + B)(CW + D)}
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where we have identified O(A) with A, etc. Moreover,
(10.4.1) Qu(g- W) = {CW + D) 'Qu(W)(CW + D)L,

The stabilizer of the basepoint Wy = \/%—dkfn €Y, is the unitary group
U(n,H) over the quaternions, which is embedded in Sp(2n,C) by

At Bk 4
R — —
V—d -B A

10.5 Proof

Equation (10.4.1) may be verified by a (tedious) direct computation.
It follows, for any g € Sp(2n,C), that W € Y, iff g- W € Y,,. The

remaining statements may be verified by direct computation. q.e.d.
10.6
Define the homomorphism g : H — Msyo(C) as follows:
d# 1 (mod4) d=4m+1
p(i) (16) o1 (96) 0
| () [ (e
w0 [ () L ()

where o = (21). This mapping extends to a homomorphism
Mot MT'XT(H) - M2'r><2'r(©>
which replaces each matrix entry with the 2x2 block defined above. The

following fact is immediate:

Lemma 10.7. The composition

0
M’r’xr((c) I MTXT‘(H) L) MQT’XQT’(C)
takes values in Mapyor(R) and it coincides with the mapping ¥, of

(5.2.1). In particular, it restricts to the injective homomorphism by, :
Sp(2n,C) — Sp(R*", S5) of §5.7.
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Proposition 10.8. The mapping p takes the quaternionic Siegel
space Yy, C My xn(H) diffeomorphically to the symmetric space

b2nn C M2n><2n((c)

for Sp(R*™, Sy). Its image is the fized point set of the involution Ty,.
Moreover, for each g € Sp(2n,C) and W € Y,, we have

(10.8.1) (g - W) =Pn(g) - p(W).

10.9 Proof

Since p and 6 are algebra homomorphisms, for
g= (ég) € Sp(2n,C)
we find,

wlg - W)= (OAW +0(B)) (0(C)W +6(D))™)
( O(A)u(W) + ub(B)) (0 (C)(W) + pf (D))~
¥(g) - (W)

which verifies (10.8.1). A direct calculation shows that u takes the base

point Wy = \/%—dkln €Y, to the following base point x5 € ha,b,

e (U
To = iag or

V—d 1 0

? Diag" o1 0 —d 1 Diae™ -1 —2m
To = iag'o o= iag

V—d 1 0 V—d 2 1

depending on whether d # 1 (mod4) or d = 4m + 1 respectively. It
follows from (5.8.6) that u takes Y, to ha,0 and it further follows from
Proposition 5.14 that its image is precisely the fixed point set under 7y,

q.e.d.
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11. Concluding remarks

11.1

The definition of anti-holomorphic multiplication given in §7 extends
in an obvious manner to more general CM fields. Let F' be a totally
real, degree m extension of Q and let E = F[v/d] be a totally imaginary
quadratic extension of F' (with d € Op). Let (A = C?"/L,H = R+iQ)
be a principally polarized abelian variety as in §7. Then an anti-
holomorphic multiplication by the ring of integers O is a homomor-
phism ¥ : Op — Endgr(A) such that U(Op) C Endc(A), such that
k= U(vd): C* — C?" is anti-linear (k(az) = ax(z) for all a € C and
x € C"), and such that Q(¥(b)z,y) = Q(z, ¥(b)y) for all b € Op and
y € C?. One might then expect (1) that the moduli space of principally
polarized abelian varieties with anti-holomorphic multiplication by Of
and appropriate level structure may be identified with the locus of real
points in a corresponding Hilbert-Siegel modular variety, and (2) that
it consists of finitely many copies of I'\D where I" C Sp(2n, O,) is an
appropriate level subgroup and where D =Y, x --- x Y, is a product
of m copies of the symmetric space Y,, = Sp(2n,C)/U(n, H).

11.2

One might ask whether the closure of Xy in the Baily-Borel Satake
compactification X coincides with the locus of real points (X)g of the
Baily-Borel compactification. Although we do not know the answer to
this question, in [9] we were able to show, in the case n = 1 (that is,
when X is an arithmetic quotient of real hyperbolic 3-space), that the
difference (X)r — X consists at most of finitely many points.

11.3

In [8] we consider a different rational structure on the Siegel modular
variety X = I'\bh,, and a different anti-holomorphic involution 7/, such
that the resulting locus of real points (let us call it X ) may be naturally
identified with the moduli space of real abelian varieties (with appro-
priate level structure); and we show that this moduli space consists of
finitely many copies of the locally symmetric space A\GL(n,R)/O(n)
(for appropriate principal congruence subgroups I' and A). The invo-
lution 7 arises from an involution on Sp(2n,R) whose fixed point set
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is GL(n,R). In this paper also, the key technical tool is the lemma of
Comessatti and Silhol. Although the outline of [8] is parallel to that
of the present paper, the technical details are completely different and
we do not yet know how to formulate or prove the most natural general
statement along these lines. Interesting related results are described in

[2].
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